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Abstract Generalized Pareto distribution (GPD) change point refers to the point where the quantity

whose the peak over threshold changes qualitatively, which shows the change of one or more GPD param-

ethers. In this paper, the detection issue of GPD change point with three parameters for extreme rainstorm

data was expressed as the hypothesis test problem which could be solved by the maximum likelihood ratio

test statistic. Although it is impossible to derive an exact distribution of this test statistic, fortunately,

we obtained its limiting distribution by proving the limit properties of the GPD change point and the

asymptotic convergence theorem of the test statistic. Meanwhile, the detection model we developed was
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used to analyze the monthly maximum precipitation data of Shenzhen with a total number of 55 years.

As a result, we found the 1980s is a change point of Shenzhen meteorology, which is identical with the

narrowest over threshold (NOT) method. In addition, the advantage of GPD change point method is

that it ensures a consistent analytical framework before and after the detection of change point. In this

framework, the analysis of GPD change point revealed that the extreme value index before that point is

negative. Combining the relationship between rainfall and the return period, it might be concluded that

the severity of rainstorm in the return period less than 100 years is weaker than before. After that point,

the extreme value index is positive, and the degree of rainstorm disaster in the return period more than

100 years is more serious and the phenomenon of extreme rainstorm is more frequent than before. The

empirical result showed that the GPD change point model is capable to capture the potential rules that the

conventional GPD model impotently, which could moderately make up for the deficiency of conventional

GPD model in this respect.

Keywords generalized Pareto distribution (GPD) change point; likelihood ratio test statistic; change

point detection; return period; narrowest over threshold (NOT) method; prediction model

1 � 
��������� (extreme value theory, EVT) ��������������������, �

���������� (block maxima model, BMM) ���� (peak over threshold, POT) ���� [1].

BMM ������� (generalized extreme value, GEV) ��� ��� [2], ������������
��!�, �� ��"#�, � POT ���!������"!�, $"��%��"#��$� [3,4].

�� Pareto �� (generalized Pareto distribution, GPD) �� POT &'�� [1,5], %��(��� [6]��
�&� [7−9] �) '� [10] ������$"� (�.

!� , GPD ����������)��, !� *�!�!"�"+�""###�"# ,*-

�+$"$��. �!%�����./, Kiriliouk � [3] &!'$+ GPD ��, %%&'�()&(�!

,+(�*""$!%. Chen � [2] � Luo � [4] ' +&! GPD ��-%�()�*#�##,), (

.%,/%�0)�$0%/+1�. Mo� [7] �% GPD��,+&234,��*+-5-,+�",1

, .,$/6. Park � [6] 7082����� GPD !9�'-, %%1-�Æ(�32.%�&��
/)3&�", ���*��:2"/(%%�()�"4�. ;54� [8] &! GPD �52660���

�!% #&�.+"$, �#&0$%7/7$0/��. Wu � [11] < Weibull ��� GPD 70, %%

/,#--#,1,��, ����!,##,�"$"=8�1,�. Ashkar � [12] 9!��'�(),

%381.90: �1�%�, &�!-"5+1,, /2/>84;.

GPD $3�%�%+<0&$!3. ��*,�1:+$+�?2���+�, ���+�?2;7

=3+'3<@7=3+'3($>&$, �45$64�>5#37<>,#37&$. GPD �=>�

*0?:��&$��A��!7, &$��4*% GPD 6��:$> GPD 6�$3. �7, � GPD $

3������&�, =>,$/6, !���&��*#�1,$"(�%4@�.

89 GPD$3��('. Bayesian340, Chen� [13]%% GPD�� ?�"$3B,(), Renard

� [14] ��C83+�5A�-�:�$$;$.90 GPD ��$3!), 7;<* GPD $3����

����(27�@?D,  � Meng[15]  +70 Bayesian ���#6��$/)�% GPD $3-9%

�, #77)�"2"/(% GPD$3���"4�. %89'�*-, Dierckx� [16] %� Pareto�%�
���A�, � Pareto��� GPD$3B,() �:>, <* GPD$3B,@A, Susan � [5] < GPD

9'6�$3B,($���BC89,�%9! Kullback-Leibler<)� GPD'�:$3B,��+,�

'�()%�$3, �"������$$�". �%=:*-, Raimondo � [17] 9!3;%% POT $3

B,��, Safari � [18] &! Pareto ;-<�!$3����"B,. >����$�����@�, <;

6� GPD $389��=�@? [5], �;6� GPD !E"4�$3B,��, (.%��>"*���
%4@�, %���D2@0+=>����$$/6, �=A@EF>%7@?D�6CF".

�#Æ?�%�����"��� GPD �����BC()�&��*"3�13%�. =?, %%
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GPD$3GAB289, &!��$'�:B2��+, ��86�$BC� GPD$3=A�&�"A@
H��"B, ��*B2��+&'IJ�%7��F". �C, @:�� GPD $3��%"# ,*-

�(�, :> Baranowski� [19] �3��� (narrowest over threshold, NOT) $3B,(), &< GPD $

3(�!C,,++�*#1,��, G7D27:���7;, �!&1E%77$6C��.

2 -! Pareto ./
"# ,*-, %�5A �,++AB1�F4�"10$���*,C���A ��, KC��

�� [20]. ""#%,+L�=�>�9��@:, ?$����?�����������-��, =�:
>�����=�*#(7���, �*#�%=("1�""#G1%,+<0H2�D� [21−24].

2.1 GPD 1"
;���� [1] ?2, 3���81D+4I�, �����L&'JE GEV ��. <�HBC���

���=:, E���F"=:����B!BC, GF�F ��"#�, E�4�%�7;G%>�'
-. 9!7,5M�IÆ(<�������,B���!C%��!����" ���!�. 07Æ?�

%�%+����.

1" 1 AHE)��81X1, · · · , XnJE��K� F (x), x∗ � F (x)�J6I�3,B��� u < x∗.

E Xi > u, > Xi ��� u, C Yi = Xi − u ��%+.

� Fu(y) JC��$+ Y = X − u|X > u ���K�, KC�%+��, K

Fu(y) = P (X − u ≤ y|X > u), y > 0. (1)

K u ���, Fu(y) &'JE GPD[1], =��9D�0.

1" 2 E��$+ X "��K�

G(x; u, σ, γ) =

⎧⎪⎪⎨
⎪⎪⎩

1 −
(

1 + γ
x − u

σ

)− 1
γ

, γ �= 0,

1 − exp
(
−x − u

σ

)
, γ = 0,

x ≥ u, 1 +
γ

σ
(x − u) > 0. (2)

KC X JE;6� GPD ��, N� X ∼ G(x; u, σ, γ), H)K�� g(x; u, σ, γ). =� u, γ ∈ R � σ > 0 �

��17�9'�L)6�, N� Φ = (u, σ, γ).

2.2 8#$%
�� u�BCM/CO81�"#�2!��%�E, L2(M&'� [1], KBC��+3�%+(2

@H! GPD, G��+�#�81�"4���(+1, ��I'FL�2. %7M 7$:>0�?��
��BC().

�������� u0, �I@ u > u0, "�NP�K� [1]

e(u) =
σ + γu

1 − γ
. (3)

;7Q%�NP�K� e(u) ��� u ��>$"-�A�. e(u) %���

ê(u) =
∑n

i=1(Xi − u)I(u,+∞)(Xi)∑n
i=1 I(u,+∞)(Xi)

=
1

Nu

Nu∑
j=1

(X ′
j − u).

D�, Nu = {i|Xi > u}# �81 X1, X2, · · · , Xn ��+�� u �=�. X ′
1, X

′
2, · · · , X ′

Nu
� X1, X2, · · · , Xn

��!�����81O,�. ��RN��, <3{(
u,

1
Nu

ΣNu

j=1(X
′
j − u)

)
: u < X(n)

}
�P!2F9O��, E ê(u) A! u (u > u0) ''-�$$, GJ u0 ?��7=0G���. �R� +
K� k �,  �B/HN��+ X(n−k) ���� u0, "A��I.D<9! X(n−k+1), · · · , X(n) �%.

7E, ;! u0 �()�� u (�(�L)6� σ A! u -�$$, <9'6� γ &L":$, �?B

C7=:>3+�9'6�QO:C�L)6�%���(� u ��BC7; [1], $4S 4.2 T@:�*.

2.3 GPD ;&<=>
%�J�RDI4$B (1) D2
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F (x) = F (u) + [1 − F (u)]Fu(y). (4)

< Fu(y) � G(x; u, σ, γ) PM2

F (x) = F (u) + [1 − F (u)]G(x; u, σ, γ). (5)

>D F (u)�82K� F̂ (u) = 1−Nu

n %�, X ′
1, X

′
2, · · · , X ′

Nu
�G(x; u, σ, γ)  �6�%�2 G(x; û, σ̂, γ̂). �

F̂ (x) =

⎧⎪⎪⎨
⎪⎪⎩

1 − Nu

n

(
1 + γ̂

x − û

σ̂

)− 1
γ̂

, γ �= 0,

1 − Nu

n
exp

(
−x − û

σ̂

)
, γ = 0,

x ≥ u, 1 +
γ

σ
(x − u) > 0. (6)

=(� F (x) &H2%��

ˆ̄F (x) =

⎧⎪⎪⎨
⎪⎪⎩

Nu

n

(
1 + γ̂

x − û

σ̂

)− 1
γ̂

, γ �= 0,

Nu

n
exp

(
−x − û

σ̂

)
, γ = 0,

x ≥ u, 1 +
γ

σ
(x − u) > 0. (7)

U p = F (x), K p �1�3 xp �%���

x̂p =

⎧⎪⎪⎨
⎪⎪⎩

û +
σ̂

γ̂

[(
Nu

n − np

)γ̂

− 1

]
, γ �= 0,

û + σ̂ ln
Nu

n − np
, γ = 0,

x ≥ u, 1 +
γ

σ
(x − u) > 0. (8)

�*#��*"3HN=A. N�����*#� (1 − p)−1, �(��*#"3 (KC�*"3) N�

xp. �!,+���P, xp DJC�*#� (1 − p)−1 O�,++, C7@:�����,�Q��,++,

VQ�!�QS<0�+,++"3� xp �%,+��H2� 1 − p, N nT �PQ��"D+, T �?Q
�, K (7) D"

1
TnT

=

⎧⎪⎪⎨
⎪⎪⎩

Nu

n

(
1 + γ̂

x − û

σ̂

)− 1
γ̂

, γ �= 0,

Nu

n
exp

(
−x − û

σ̂

)
, γ = 0.

(9)

GJ T Q�*"3? +0D%�

x̂p =

⎧⎪⎪⎨
⎪⎪⎩

û +
σ̂

γ̂

[(
TnT Nu

n

)γ̂

− 1

]
, γ �= 0,

û + σ̂ ln
TnT Nu

n
, γ = 0.

(10)

3 GPD @A'B()

3.1 GPD C<*+,-./
�' Jarušková[25] COB289

H0 : Xi ∼ G(x; u0, σ0, γ0), i = 1, · · · , n vs. H1 :G% m ∈ {n0, n0 + 1, n0 + 2, · · · , n − n0}
� Xi ∼ G(x; u1, σ1, γ1), i = 1, · · · , m � Xi ∼ G(x; u2, σ2, γ2), i = m + 1, · · · , n. (11)

$39 Φ1 = (u1, σ1, γ1) �C Φ2 = (u2, σ2, γ2) B2(�. & ��$'�:B2��+ [26]

Zn =
√

max
n0≤m≤n−n0

(−2 lnΛm), D� Λm =
supΦ0

∏n
i=1 g(Xi;Φ0)

supΦ1

∏m
i=1 g(Xi;Φ1) supΦ2

∏n
i=m+1 g(Xi;Φ2)

.

=�, Φ0 �6�R�. ;!81+>3� Λm %��?D�RG0", �G�$3�17 m /�% [n0, n−
n0] -9, n0 �>3�:D�. K�, ;! Λm ≤ 1, ER�$3 m∗ <0:$, <4�@3� Λm∗ , E�S�

� Zn S:!WX H0, >$3G%�?2�@�. 7E

max
n0≤m≤n−n0

(−2 lnΛm) = max
n0≤m≤n−n0

(2(L1(Φ̂1) + L2(Φ̂2) − Ln(Φ̂))),

=�, Φ̂1 = Φ̂1(X1, · · · , Xm), Φ̂2 = Φ̂2(Xm+1, · · · , Xn), Φ̂ = Φ̂(X1, · · · , Xn), L �=(��'�K�.
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E@BVFB289 (11) TI4 Zn % H0 0�0K��, <?�R��, �(�=>=&'��&G
7D2��B2"30�IJ�. �%����0, H">��L�7� [26]. <� GPD �P, ;!���

�% {x : x ≥ u, 1 + γ(x− u)σ−1 > 0} >&(S489'�J�, )OD(S4 Csörgö� [26] � C.4 � C.5

7:YUJ�, E�H"7�(2ÆZD2, �� GPD F6�$B [27].

1) K γ < 0 O, U θ′ = u − σγ−1, β = (−γσ−1)−γ−1
� α = −γ−1, K g̃1(x; θ′, α, β) = αβ(θ′ −

x)α−1I((θ′ − β−α−1
) ≤ x ≤ θ′), I(·) �C�K�. VU Y = −X , θ = −θ′, 2

g1(x; θ, α, β) = αβ(x − θ)α−1I(θ ≤ x ≤ (θ + β−α−1
)). (12)

2) K γ > 0 O, U θ = u − σγ−1, β = (γσ−1)−γ−1
� α = γ−1, K

g2(x; θ, α, β) = αβ(x − θ)−α−1I((θ + βα−1
) ≤ x < ∞). (13)

;K� g1 � g2 �7R9D(R22, θ ∈ R, (α, β) ∈ Ψ ⊆ R2, (θ, α, β) ���'�%� (θ̂, α̂, β̂), S4
Smith[28] �M��J�, �A!K��'�(�G%N[ (θ̂k, α̂k, β̂k), �2�0�E.

θ̂k − θ0 = Op(
√

k), α̂k − α0 = Op(
√

k), β̂k − β0 = Op(
√

k).

D�, Ak = Op(ak) JC��N[ Ak �=A��[ ak :����"J, >�!I@3� ε > 0, G%

K, δ > 0, K k > K O, �2H2 P (|Ak

ak
| > δ) < ε �E. 0#� Op(ak) KÆ� O(ak).

3.2 GPD C<,G01
;!9'6� γ �! GPD �7=1����+, G0���� γ < 0 � γ > 0 .9. �(S��, �

& GPD 6�$BC g1 � g2 �B289. Æ?N�9'6�3! 0 O� GPD $3B,��89.

A! (12) D, COB289

H0 : Xi ∼ g1(x; θ0, α0, β0), i = 1, · · · , n vs. H1 : G% τ ∈ {n0, n0 + 1, n0 + 2, · · · , n − n0}
� Xi ∼ g1(x; θ1, α1, β1), i = 1, · · · , τ � Xi ∼ g1(x; θ2, α2, β2), i = τ + 1, · · · , n. (14)

TN$39 Φ1 = (θ1, α1, β1) �$3C Φ2 = (θ2, α2, β2), 6�B2$(�. & ��+

Zn =
√

max
n0≤τ≤n−n0

(−2 lnΛτ ).

�2B Zn �&'��, 07�% g1(x; θ, α, β) ���7;, @'OTS#P [29].

Lk(Φ) =
k∑

i=1

ln g1(Xi;Φ) = k ln α + k ln β + (α − 1)
k∑

i=1

ln(Xi − θ).

; Smith[28] ?2, K α > 2 O, G% Φ̂k = (θ̂k, α̂k, β̂k) � ∂Lk(Φ̂k)
∂Φ = 0.

��#�\H M =

⎛
⎜⎝ mθθ mθα mθβ

mαθ mαα mαβ

mβθ mβα mββ

⎞
⎟⎠, =�,

mθθ = −E

(
∂2 ln g1(Xi;Φ)

∂θ2

)
, mαα = −E

(
∂2 ln g1(Xi;Φ)

∂α2

)
, mββ = −E

(
∂2 ln g1(Xi;Φ)

∂β2

)
,

mθα = mαθ = −E

(
∂2 ln g1(Xi;Φ)

∂θ∂α

)
, mθβ = mβθ = −E

(
∂2 ln g1(Xi;Φ)

∂θ∂β

)
, mαβ = mβα = −E

(
∂2 ln g1(Xi;Φ)

∂α∂β

)
.

� δ > 0 �I@ {δk > 0}, S4 δkkα−1+δ → 0. E Φ0 = (θ0, α0, β0), A Iδk
= {θ̂ ∈ R, α̂ > 2, β̂ > 0:

|θ̂ − θ0| < δk, |α̂ − α0| < δk, |β̂ − β0| < δk}, 0 < r < 1 − 2α−1, " (E: =Q6�.9�', S#P [27, 29])

lim
k→∞

kr

(
sup
Iδk

1
k

∣∣∣∣∣∂
2Lk(Φ̂)
∂θ∂α

− ∂2Lk(Φ0)
∂θ∂α

∣∣∣∣∣
)

= 0 a.s., lim
k→∞

kr

(
sup
Iδk

1
k

∣∣∣∣∣∂
2Lk(Φ̂)
∂θ2

− ∂2Lk(Φ0)
∂θ2

∣∣∣∣∣
)

= 0 a.s..

D�, a.s. � almost surely KC, JC�� A <0�H2� 1, > P (A) = 1, N A a.s., G0�'.

12 1 �I@ r, �2 0 < r < 1 − 2α−1, "

lim
k→∞

kr

√
k ln ln k

⎛
⎜⎝
⎛
⎜⎝ ∂Lk(Φ0)/∂θ

∂Lk(Φ0)/∂α

∂Lk(Φ0)/∂β

⎞
⎟⎠− kM

⎛
⎜⎝ θ̂k − θ0

α̂k − α0

β̂k − β0

⎞
⎟⎠
⎞
⎟⎠ = 0 a.s. (15)

34 U δ̃k = ln ln ln k
√

ln ln k/k, $ δ̃kk1/α+δ → 0, ��'�%� Φ̂k = (θ̂k, α̂k, β̂k), K Taylor W]
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∂Lk(Φ̂k)
∂θ

=
∂Lk(Φ0)

∂θ
+

∂2Lk(Φ̃k)
∂θ2

(θ̂k − θ0) +
∂2Lk(Φ̃k)

∂θ∂α
(α̂k − α0) +

∂2Lk(Φ̃k)
∂θ∂β0

(β̂k − β0). (16)

D�, Φ̃k = (θ̃k, α̃k, β̃k), |θ̃k − θ0| < |θ̂k − θ0| < δ̃k, |α̃k −α0| < |α̂k −α0| < δ̃k, |β̃k − β0| < |β̂k − β0| < δ̃k.  

7TD� (16) D2
1√

k ln ln k

(
∂Lk(Φ0)

∂θ
− k(θ̂k − θ0)mθθ − k(α̂k − α0)mθα − k(β̂k − β0)mθβ

)

=− 1√
k ln ln k

(
∂2Lk(Φ̃k)

∂θ2
− ∂2Lk(Φ0)

∂θ2

)
(θ̂k−θ0)− 1√

k ln ln k

(
∂2Lk(Φ̃k)

∂θ∂α
− ∂2Lk(Φ0)

∂θ∂α

)
(α̂k−α0)−

1√
k ln ln k

(
∂2Lk(Φ̃k)

∂θ∂β
− ∂2Lk(Φ0)

∂θ∂β

)
(β̂k − β0) − 1√

k ln ln k

(
∂2Lk(Φ0)

∂θ2
+ kmθθ

)
(θ̂k − θ0)−

1√
k ln ln k

(
∂2Lk(Φ0)

∂θ∂α
+ kmθα

)
(α̂k − α0) − 1√

k ln ln k

(
∂2Lk(Φ0)

∂θ∂β
+ kmθβ

)
(β̂k − β0).

(17)

X |θ̃k − θ0| < ln ln ln k
√

ln ln k
k , |α̃k − α0| < ln ln ln k

√
ln lnk

k , |β̃k − β0| < ln ln ln k
√

ln ln k
k . "

lim
k→∞

kr

√
k ln ln k

[
∂Lk(Φ0)

∂θ
− k(θ̂k − θ0)mθθ − k(α̂k − α0)mθα − k(β̂k − β0)mθβ

]
= 0 a.s.

Y� α, β �'?", ZO"BS#P [29].

56 1 ;�� 1 2'�%�N[ Φ̂k S4

sup
k

√
k√

ln ln k
|θ̂k − θ| = O(1) a.s., sup

k

√
k√

ln ln k
|α̂k − α| = O(1) a.s., sup

k

√
k√

ln ln k
|β̂k − β| = O(1) a.s..

D�, Ak = O(1)JC��N[ Ak,�I@3 ε > 0,G% K, δ > 0,K k > K O, �2 P (|Ak| > δ) < ε �E.

34 0" β .9.H) g1(x; θ, α, β)�'�K� Lk(X ;Φ),G%��'�%�N[ Φ̂k,�2 ∂Lk(Φ̂k)
∂β =

0. �!K� Lk(θ + δkx, α + δky, β + δkz), U (x, y, z) = (0, 0, 1), %� Taylor W]2

∂Lk(Φ̂k)
∂β

=
∂Lk(Φ0)

∂β
+

∂2Lk(Φ̃k)
∂β2

(β̂k − β),

=�, |β̃k − β| < |β̂k − β|. � ∂Lk(Φ̂k)
∂β = 0, �>D �KU$B2

0 =
∂Lk(Φ̂k)

∂β
=

1
k

∂Lk(Φ0)
∂β

−mββ(β̂k−β)+
1
k

(
∂2Lk(Φ̃k)

∂β2
− ∂2Lk(Φ0)

∂β2

)
(β̂k−β)+

1
k

(
∂2Lk(Φ0)

∂β2
+ kmββ

)
(β̂k−β).

K k → ∞ O,

1
k

(
∂2Lk(Φ̃k)

∂β2
− ∂2Lk(Φ0)

∂β2

)
(β̂k − β) → 0,

1
k

(
∂2Lk(Φ0)

∂β2
+ kmββ

)
(β̂k − β) → 0.

� lim
k→∞

(
1
k

∂Lk(Φ0)
∂β − mββ(β̂k − β)

)
= 0, (G lim sup

k→∞

√
kmββ |β̂k−β|√

2 ln ln k
= 1 a.s., ;#P [27] �& 3.2 U92

". )�?"9�D.

56 2 �I@ r, �2 0 < r < 1 − 2α−1, "

lim
k→∞

kr

⎡
⎢⎢⎣ 1

k

⎛
⎜⎝

∂Lk(Φ0)
∂θ

∂Lk(Φ0)
∂α

∂Lk(Φ0)
∂β

⎞
⎟⎠

T

M−1

⎛
⎜⎝

∂Lk(Φ0)
∂θ

∂Lk(Φ0)
∂α

∂Lk(Φ0)
∂β

⎞
⎟⎠− k

⎛
⎜⎝ θ̂k − θ

α̂k − α

β̂k − β

⎞
⎟⎠

T

M

⎛
⎜⎝ θ̂k − θ

α̂k − α

β̂k − β

⎞
⎟⎠
⎤
⎥⎥⎦ = 0 a.s. (18)

34 M :�, FG%\H Q � M = QTQ, �" (18) D, 3T" limk→∞ qkqT
k = 0. =�,

qk =
√

ln ln k

[
1√
k

(
∂Lk(Φ0)

∂θ
,
∂Lk(Φ0)

∂α
,
∂Lk(Φ0)

∂β

)
Q−1 +

√
k(θ̂k − θ, α̂k − α, β̂k − β)QT

]
,

qT
k =

kr

√
ln ln k

⎡
⎢⎣ 1√

k
(QT)−1

⎛
⎜⎝

∂Lk(Φ0)
∂θ

∂Lk(Φ0)
∂α

∂Lk(Φ0)
∂β

⎞
⎟⎠−

√
kQ

⎛
⎜⎝ θ̂k − θ

α̂k − α

β̂k − β

⎞
⎟⎠
⎤
⎥⎦ .

K k → ∞, qk√
ln ln k

= O(
√

ln ln k) a.s., ; (15) D?2 lim
k→∞

qT
k = 0 a.s.
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12 2 �!I@ r, � 0 < r < 1 − 2α−1, K k → ∞ O, "

kr

⎡
⎢⎣2

(
Lk(Φ̂k) − Lk(Φ0)

)
− 1

k

(
∂Lk(Φ0)

∂θ
,
∂Lk(Φ0)

∂α
,
∂Lk(Φ0)

∂β

)
M−1

⎛
⎜⎝

∂Lk(Φ0)
∂θ

∂Lk(Φ0)
∂α

∂Lk(Φ0)
∂β

⎞
⎟⎠
⎤
⎥⎦→ 0 a.s.

�' Rencová[30], %� Taylor W]()�I� 2, ��>".

12 3 B289 (14) % H0 0, �I@ t, α > 2 (> −0.5 < γ < 0), "

lim
n→∞P

(
A(ln n)

√
max

1�τ�n−1
(2 lnΛτ ) � t + D3(ln n)

)
= exp{−2e−t}.

D�, A(x) =
√

2 ln x, Dd(x) = 2 lnx + (0.5d) ln lnx − ln Γ(0.5d), d = 3 JC6�F), 0).

34 %��� 2 ?"∣∣∣∣∣∣∣ max
1�k�n

[
2
(
Lk(Φ̂k) − Lk(Φ0)

)]
− max

1�k�n

1
k

(
∂Lk(Φ0)

∂θ
,
∂Lk(Φ0)

∂α
,
∂Lk(Φ0)

∂β

)
M−1

⎛
⎜⎝

∂Lk(Φ0)
∂θ

∂Lk(Φ0)
∂α

∂Lk(Φ0)
∂β

⎞
⎟⎠
∣∣∣∣∣∣∣ = op(ln lnn).

D�, Ak = op(ak)JCN[ Ak ���[ ak :���MFH2@H! 0, >�I@3 ε > 0,� lim
k→∞

P (|Ak

ak
| <

ε) = 1 �E. )O, E@B$3 τ � k �1/�, ;7D�2B��7�, $4+��' Csörgö[26] "B.

�! γ > 0 � GPD $3B,89, T" (13) D g2(x; θ, α, β) ��, �2=��'�K�U^'4(G
%9.3, %� γ < 0 (), D"�� 3 7;. 7E, K γ = 0 O, GPD R$�%���, >�7�F��

E [26]. E�, 0����E.

12 4 B289 (11), H0 0, �!I@ t, γ > −0.5 "

lim
n→∞ P

(
A(ln n)

√
max

1�m�n−1
(2 lnΛm) � t + D3(ln n)

)
= exp{−2e−t}.

D�, A(x) =
√

2 ln x, Dd(x) = 2 lnx + (0.5d) ln lnx − ln Γ(0.5d).

3.3 GPD C<,G017I89J:
%� GPD $3B,���*�*#1,�$4T0�0.

Step 1 SM n =O,�, &VT$�� n0, �#@:/ n0 = 5.

Step 2 ��B2"3 α,F"�� 4�*D2U6���6�IJ�3 x
(1)
α , x

(2)
α (E: 7R._ x

(2)
α > x

(1)
α ).

Step 3 E n0 B n − n0 [V�/ 3.1 T�� Λn0 , Λn0+1, · · · , Λm, · · · , Λn−n0 .

Step 4 �/ zm &V. zm W3--:

Step 4.1 E x
(1)
α ≤ zm < x

(2)
α , KG%U6�$3;

Step 4.2 E zm ≥ x
(2)
α , KG%�6�$3;

Step 4.3 E zm < x
(1)
α , KU)WX\GA, >BB,B$3;

Step 5 E Step 4.1 G Step 4.2 �E, 9!2�), @5B,�"�WJ n0 � n − n0, �W Step 3∼Step 5.

% GPD $3B,���, T">�T0B,%$3, 9!$31,V.?2<0���._.

4 K;.< ——GPD @ALM=>?@ABNCD

C,V X�YXYZ, ;!CW`"�./, X`Z�'YY", O"`"5]�[[ 5XY, ,7

'+. �W"+""#��'��&�\Y, �7�� -aQUQ�,,++ � GPD $3!�, 1,

���*#0B-?2%*���,+"3, &�%@�0��%��1�F�� [31].

O 1 E}FGHIP�QJKIRLMNOPQRS
n T\U T^U bU �V] �Z� ]^ Z^ W p-value

660 385.80 0.00 64.62 65.46 46.10 1.65 3.24 0.84 < 2.2 × 10−16

4.1 SÆTU
�"_!C, 1960Q 01QW 2014Q 12Q ,�",���,�Q�� 243O,++ (1975Q�1977

Q� 1980Q�"^+,��_�>7Q�" �[`,U1: mm/24 h). EJ 1?Q%,') 1.65�! 0,J
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BC,V,++�"$"J'�,[)� 3.24�!O+:3��0[)� 3,JB$"c[!3. ; Shapiro-

Wilk ��+ p �3! 2.2× 10−16 :3�B27;, \B��"&(JE:3��. ,++ON�< 1 �<

2 (C.

8VT]^���, ?2�07�:

1) C,4Q,++��\�% 04–09 QS, `aKQ 80% G>;

2) 1981 QW 1992 Q!9%*Q��,++�! (G�!) 150 mm �"+*,BK5!=QQS, E

T��/ GPD �� ��*#1, [32], ?24�>�'-;

3) �;$3G%, $317�"?2X!< 2 �(O%��J]_-a!9�--.

�7, (�9! GPD ��$3]=C,VaQ,+X#!)Q��B-���*#0�,++.

4.2 ~#$%VC<,G
T" 2.2 T?2, + (x(n−k), k

−1
∑k

i=1 (x(n−k+i) − x(n−k))) PY�� u ��NP�K� e(u) �< 3 (

C. E<V.�� u ∈ [50, 200) '�0G�, <L(22B7==�>3�BCÆ_, �7, %� 2.2 TBC

()V? ���]^. PY9'�O:L)6� [1] %�����$$�< 4 (C. < 4 Z<JC9'6
�%�����A�, J<KJC8O:C�L)6�%�����A�. COB$3B,+��?N��
�7;?D�, 70< 4 Q%, �� u = 50 X>�0G, 07 �$3G%�B2Q17 ..

�� NOT () [19] B,$3G%�. NOT ()91`): �"b) L ���0� B =[-9 (sb, eb]

(b = 1, · · · , B), K��� uL = K
√

(2 lnL), K ���, �/��+

Cm
(sb,eb]

(x) = | < x, φm
(sb,eb]

> |.

(m
m

/2
4 

h)

1965/08 1973/12 1982/04 1990/08 1998/12 2007/04 2015/08

W 1 E}FXYZ[\GHI\]W

(m
m

/2
4 

h)

1965/08 1973/12 1982/04 1990/08 1998/12 2007/04 2015/08

W 2 E}FXYZ[\GHI^]W

−10

10

30

50

70

90

0 50 100 150 200 250 300 350
Threshold

M
ea

n 
E

xc
es

s

W 3 ^__``abcW

W 4 ]daabK`ceMdefaabK`f�`ggW
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D�, < ·, · >��^, m = sb +1, · · · , eb, x = (xsb+1, · · · , xeb
)T, φm

(sb,eb]
= (φm

(sb,eb]
(sb +1), · · · , φm

(sb,eb]
(eb))T,

φm
(sb,eb]

(t) =

⎧⎪⎪⎨
⎪⎪⎩

(eb − m)
1
2

[(eb − sb)(m − sb)]
1
2
, t = sb + 1, · · · , m,

(m − sb)
1
2

[(eb − sb)(eb − m)]
1
2
, t = m + 1, · · · , eb.

K maxsb<m≤eb
Cm

(sb,eb]
(x) > uL O m ?2�$3, &U mb = arg maxsb<m≤eb

Cm
(sb,eb]

(x), 2?2$3\

S = S
⋃

mb,� SIC+K`B S,�hK�$3\ S∗ . 1�"@:b) L = 660,/ B = 1000�K = 1, NOT

$3B,()�hK�$3\ S∗ = {249}, >�"�U$3, $317 m∗ = 249 (�( 1980 Q 09 Q).

c1#&! GPD $3��, �/() m �(�(��+ Zm &PY< 5 A�<. < 5(a) �Æ- A

JC�6� GPD$30�IJ�6C- (3.679), Æ- B JCU6� GPD $30�IJ�6C- (3.216).

8�/2 Zn = 5.143 �! 3.679 (Æ- A IJ�), WX\GA, �$3G%$ m∗ D� 249, >�(�D�

1980 Q 09 Q. 7E, �2"�"�_TG%=:$3, *� “2�)”, dU*��# GPD $3B,() 

�]^. 7;<*, 1960 Q 01 QW 1980 Q 09 Q� 1980 Q 10 QW 2014 Q 12 QP(G%=Q$3. <

5(b) JCCI�B,7;, < 5(b) DKC, &L"�+IJ� Zm ��%*. B,7;KC, �".G%U

$3 (1980 Q 09 Q).

 
mZ

m
09/1980

(a)

 
m
Z

m

(b)

W 5 E}FZ[\GHIahiP Zm JKIj m ijW

4.3 kIlkmC<ln
�# GPD ���$317B,7;e`�#P [27] a"-�, <-�(�, '%]^�Æ_ 04–09 Q

�, $$3�8P�U$3, &$ GPD ���>5� NOT ()B,7;7�. ����aW^+[`��

��b�./, <70�R��, a0�"fO._. GPD $3����()�$�%!(.2B,$3,

L2�B,7; � 7TCM��. 07<G GPD ��B,B�$3���J3, �\T�"�o*0
GPD ���1,�!���.

4.4 pS=>m01,-
�W 4.2 T��BC, ��o�"K��� (�< 6 (C). < 6 >7��<JC 1960 Q 01 QW 1980

Q 09 Q�"(27;, �< 6 07��<KJC 1980 Q 10 QW 2014 Q 12 Q�"(27;. ;< 6 Q

%, 6��%�� 51 mm W 140 mm !9q��'Æ-$$, �K���% 51 mm X>�0G. %���

'�()��2c481 (1960 Q 01 QW 2014 Q 12 Q)�o 1 (1960 Q 01 QW 1980 Q 09 Q) �o 2

(1980Q 10 QW 2014Q 12Q) 06�%�Q*0$)B2 (cramer-von mises ��+ W 2) 7;SJ 2. =

�, O+- (Sd) � 95% 7#-9>M LCL �0M UCL, P;��'�%��&':3�&&709!8
1� Fisher #�\H�/(2 [1].

J 2 � Cramer-von Mises B2 p �'�! 0.05, JB%7B2"30PU��""KC?:81(�
-� GPD. �/@ÆOQB GPD �*04;, ���%;$�o0��"*07;, < 7(a)∼(c) ��JC

c481�o 1 �o 2 *04;<. =��-JC��H2�, <3JC82���. E< 7 (C?2, ;

$�o0� GPD *07;P>8.
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(a) (b)

(c) (d)

W 6 i]md]daabK`ceMdefaabK`f�`ggW
O 2 norpi GPD aabKRqrPQ

�s b�d� Estimation (Sd) LCL (95%) UCL (95%) W 2 p-value

1960.01 μ̂ 52.20(14.17) 22.43 77.97

t σ̂ 71.80(5.75) 60.54 83.07 0.05 0.47

2014.12 γ̂ −0.08(0.06) −0.19 0.03

1960.01 μ̂ 52.00(15.07) 22.47 81.53

t σ̂ 103.90(10.86) 82.61 125.19 0.09 0.55

1980.09 γ̂ −0.23(0.07) −0.36 −0.11

1980.10 μ̂ 52.30(17.35) 18.29 86.31

t σ̂ 47.78(5.58) 36.86 58.71 0.02 0.39

2014.12 γ̂ 0.05(0.09) −0.12 0.22

(mm/24 h)

 
(

)
F
x
u

−

(a)

 
(

)
F
x
u

−

(mm/24 h)

(b)

 
(

)
F
x
u

−

(mm/24 h)

(c)

W 7 E}FXYZ[\GHIsutSW

4.5 01uG
EJ 2 �6�%�7;QB, c481�o 1 �(�9'6�3! 0, �o 2 810�9'6��! 0.

?VT.�, 20dg 80QPC��"&Z> 20dg 60QPW 80 QP��"&Z@c. �2"77�, �
%;$�o0�H2H)*04;�< 8 (C. �b<ceJB 20 dg 80 QPG-, 450 mm G>��"

+*,>!9H2,.

�/2"7��?D�, ed7?%�([-�f-, ���o 1 �o 2 CO()�� (P?B/HN

��+ x(n−k) ����) 09'6���'�%��$$._, (27;�< 9 (C. E< 9 Q%, 9!

1980 Q 10 QW 2014 Q 12 Q�"�9'6�%�7;91>P: 1960 Q 01 QW 1980 Q 09 Q��, C

I91'% 0 G0. %� (9) D?2A!�*#�,++A�GQ;$�o0��:._, �< 10 �< 11

(C.

< 10(a)(b) ��JCc481� 1960 Q 01 QW 1980 Q 09 Q�"�*#�,++�A�<. < 11
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KJC 1980 Q 10 QW 2014 Q 12 Q�*#��*#0�,++>�*"3�A�<. E< 10 �< 11 ?

GQ%, < 11 :< 10(b) *04;8. < 10(a) �< 10(b) ,++�*�*#�0Æ, 0bg)"de:�,

�!?$:�, < 10(b) @ÆBK, �< 11 (CK"Æh:�.

< 12 JC;$�o0, ,++��*#A�<. ;< 12 ?QB, %9! 1980Q 10 QW 2014Q 12 Q

�1,0, bc7fQG0�*#�"+&�, ([-�,++�5!@E�$.9, �bc7fQG>�
*#�"+&�, 7�K=f. 70J 2 L)6�%�7;, o 1 (103.90) �c481 (71.80) ���!o 2

(47.78) ��, ��JB 20 dg 80 QPG-, ��"+*,@Æ&g, (�ih@Æ�� ?��<0.

7E, < 12 �c4810�*#�,++A�e-:8X!@E�$.9��917, @ÆJB 20 d

g 80 QPG-�"+ ?*,/6<0/:$, (�Mf@Æ��2.

 
(

)
f
x

x

W 8 norpivvwfsuW
 K

W 9 wx k `P GPD ]daabKRS

(m
m

/2
4 

h 
)

(a) i�dghjek����h�

(m
m

/2
4 

h 
)

(b) s 1 hjek����h�
W 10 GHIfyz�ggW

(m
m

/2
4 

h 
)

W 11 p 2 GHIfyz�gg

(m
m

/2
4 

h 
)

W 12 norpiGHIfyz�gg

5 {|

Y�����""#�"5, %%/ GPD $3B289�B,1,��. & /B2;6� GPD $

3B,� .���$'�:B2��+.  +I42 GPD '�K�(YU3�&, 2% GPD ��$+

@HJ��"BHN��+=A@H7�. %79i>, �'�K�Q=%��=A�M�& ��".  

+� NOT ():>, 7;JB, (&!�B2��+$">8i4. �"��7;JB, U�"U$3G%,

9!$3()� GPD 1,��$"j� GPD (($Æ�$�.
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�#L"k��0CM��: 60 GPD ��, L GPD ���P,  +%��#%%�$3(),  �

& 60 GPD���?��]N(<, <$3()�60 GPD70 ��R�"*0, �! GPD��1

3%�Gf@Æ0+; j6$+� GPD $3��, L GPD 6��P, ? 7T��6�jg$+� GPD
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